An asymptotic expression for the expected area of the union of n random rectangles is derived by Mellin transforms, where their two diagonal corners are independently and uniformly distributed over (0, 1) 2 . The general result for d-dimensional hyper-rectangles is also stated.
Introduction
A set of rectangles with sides parallel to the coordinate axes provides a very useful abstraction for many practical problems in diverse fields, such as VLSI-design (see Mead and Conway (1980) ), computer graphics, computer resource control, geography and related areas (see Preparata and Shamos (1985) ).
The "computational geometry of rectangles", as a natural generalization, has drawn much attention since Klee (1977) posed the following original uni-dimensional problem:
Given n intervals [a 1 , b 1 ], · · ·, [a n , b n ] in real line, it is desirable to find the measure of their union. How efficient can that be done?
Quite a number of related algorithms have been devised and analyzed. The problems studied include reporting intersection pairs and enclosure pairs, computing the measure and the contour of the union, and computing the closure of a set of rectangles. For a comprehensive and systematic study on algorithmics of the geometry of rectangles, the reader is referred to Mehlhorn (1984) and Preparata and Shamos (1985, Chapter 8) .
Motivated by the above investigations in computational geometry, we study the following probability problem in this paper. Let (U k , U k ) and (V k , V k ), k = 1, . . . , n, be independently uniformly distributed random vectors over (0, 1) 2 . Define
i.e., the rectangle determined by two random diagonally opposed corners. What is the expected measure of ∪ 1≤k≤n R k ?
Our problem is also motivated by the study of statistical properties of the convex hull in geometric probability, along the line of Rényi and Sulanke (1963, 1964) , Efron (1965) , Buchta, Müller and Tichy (1985) , Groeneboom (1988) , and Hsing (1994) .
In Section 2 we derive an asymptotic expression for the expected measure of ∪ 1≤k≤n R k by using Mellin transform techniques (see Flajolet and Sedgewick (1995) ). Since our derivation can be extended straightforwardly to d-dimensional hyper-rectangles, we only state the general result in Section 3.
Main result
The total area covered by ∪ 1≤k≤n R k , denoted by A n , can be expressed as
where I B (.) denotes the indicator function of the set B. Let φ(n) = E(A n ), then
To find an asymptotic expansion for φ(n), as n → ∞, we regard the finite sum (2.1) (up to the first term and sign) as the n th difference of the sequence a k := −4 k /(k + 1) 2 / 2k+1 k 2 and use its integral representation from the calculus of finite difference (cf. Flajolet and Sedgewick (1995) ).
where Φ(s) is the "analytic continuation" of the sequence k → −a k (namely, Φ(k) = −a k ):
The function Φ(s) so extended is meromorphic in the s-plane with double poles at s = −k, k = 1, 2, . . .
Proof. Since the residue of
have, by Cauchy's residue theorem,
where C is a counter-clockwise oriented closed curve which crosses the real axis between 0 and 1 and encircles the segment [1, n] . Next, by the asymptotic behavior of |Γ(σ + it)| (cf. Erdélyi (1985) , page 47, Eq. (6)):
we derive the estimate
2).
Note that Legendre's duplication formula for Gamma function Γ(2s) = 2 2s−1 π To evaluate φ(n), we shift the line of integration (in (2.2)) to the left and take into account the residues of the encountered poles (of the integrand). Observe that a pole of order r, r being a positive integer, at s = −m contributes a term of dominant growth in n −m (log n) r−1 .
Let Res(K, s = a) denote the residue of K(s) at s = a.
Theorem 1 As n → ∞,
where H 0 = 0 and H k = 1≤j≤k j −1 (k ≥ 1) denotes the harmonic numbers.
Proof. Let α > 0 be a non-integer real number. Consider the integral representation of φ(n). Shifting the path of integration to the vertical line s = −α, we obtain
where ν = α . It suffices to show that R α (n) = O (n −α ), as n → ∞. To this end, write R α (n) =
α (n), where
Now by Stirling's formula and the inequality |Γ(a + bi)| ≤ |Γ(a)|, a, b ∈ R, we have
in view of (2.4). On the other hand, when |t| > √ n, we have
Thus, by (2.4), |R
[2]
To make explicit the residues, we use the local expansion (cf. Erdélyi (1985) , page 46, Eq. (11))
for s ∼ −m, γ being Euler's constant, giving Res(K, s = 0) = 1, and for m = 1, 2, . . .,
This completes the proof.
2
Asymptotically, the expression (2.5) is not difficult to manage since
the B n 's being the Bernoulli numbers (cf. Erdélyi (1985) , page 47, Eq. (7)).
where the c k 's and d k 's are some constants.
The first few terms of c k and d k are given by 
General expressions
In general, let φ d (n) denote the expected measure of the union of n random hyper-rectangles determined by two diagonally opposed corners in (0, 1) d . Then
for d ≥ 1. Thus we have available the integral representation
where
It follows, as in the case d = 2, that
Remarks
Sums of the form n 0 ≤k≤n n k (−1) k a k , for some given sequence {a n }, or its original integral of Laplace type, arise frequently in problems in geometric probability (see, e.g., Rényi and Sulanke (1963,1964 
